Abstract-This letter addresses the problem of finding the inverse symbol-error probability (SEP) expression for coherent detection of -ary phase-shift keying with multichannel reception and maximal ratio combining in Rayleigh fading. To this aim, we derive upper and lower bounds on SEP that are simply invertible and uniformly tight for all values of signal-to-noise ratio. This enables us to obtain tight bounds on the inverse SEP and on the symbol-error outage (SEO), i.e., SEP-based outage probability. As an example of application to digital mobile radio, the SEO in a log-normal shadowing environment is analyzed.
I. INTRODUCTION
T HE EVALUATION of the performance for diversity systems in terms of symbol-and bit-error probability (BEP) (both averaged over the multipath or multichannel fading) has been extensively studied in the literature [1] - [6] . Despite these studies, there has been minimal efforts toward finding the explicit expression for the inverse symbol-error probability (SEP), i.e., signal-to-noise ratio (SNR) as a function of the SEP, although such expressions are required in many important problems related to wireless mobile communication. 1 One noticeable example is provided by symbol-error outage (SEO), i.e., SEP-based outage probability, defined as the probability that the SEP exceeds a maximum tolerable level. However, inverting the SEP is not a straightforward procedure and requires a numerical root evaluation due to the fact that, in general, the inverse SEP function does not exist, although closed-form SEP expressions can be found in some cases. To make problems of the above nature analytically tractable, we propose to replace the exact SEP by bounds that are invertible and tight for all values of SNR.
In this paper, we derive new upper as well as lower bounds, optimized within a given class of bounds, on the SEP for coherent detection of -phase-shift keying (PSK) with multi- [6] - [10] ( 1) where is the SNR per branch, , and . Best known upper bounds on (1) are given by (2) that is a generalization to -ary PSK of the improved ChernoffRubin 3 bound (see, for example, [6, p. 275]), and (3) given in [12] , where
The bound (2) is not asymptotically tight, whereas (3) represents also the asymptotical behavior of the SEP for large . Next we give a new concise proof of the upper bound (3) using (1). In fact, by noting that , and replacing with its minimum value, zero, in the denominator of the integrand in (1), we immediately obtain (3). This suggests that we can also obtain a new lower bound for by replacing with its maximum value, one, in the denominator of the integrand in (1), as (5) While (3) and (5) provide us upper and lower bounds for , they are not tight for low and moderate SNRs. In particular, the difference between the lower and upper bound for binary PSK with is more than 6 and 3.5 dB at SEP of and , respectively; and this difference grows with .
The key observation to be made here is that, for low values of , the contribution of denominator of the integrand in (1) is not negligible. Since our goal is to obtain lower and upper bounds that are not only invertible but also tight for all values of SNRs, we propose the following class of bounds:
where and that do not depend on . Note that (3) and (5) belong to the above class. Our goal is to find the best and such that (6) is valid for all values of . With this in mind, we implicitly define the function as (8) which is equivalent to . It is important to note that is a continuous function of . We will study the behavior of in the following theorem. 
III. BOUNDS ON THE INVERSE SEP AND ON THE SEO
By inverting (12a) and (12b), it is possible to obtain optimized tight and simple bounds for the inverse SEP. In fact, the required SNR, , to achieve a target SEP for the considered system can be lower and upper bounded by (14) (15a) (15b)
The bounds in (14) and (15) can be used to obtain both upper and lower bounds on the SEO defined by (16) Since SEP decreases monotonically with , (16) is equivalent to , where is the probability density function of . Therefore, from (14) and (15), we immediately obtain the following bounds on the SEO:
A typical application is in mobile radio systems, where also varies, due, for example, to shadowing, at a rate much slower than Rayleigh fading [4] . It has been shown that shadowing in mobile radio systems is well modeled by log-normal distribution [14] , [15] . In this case, is a Gaussian random variable with mean and variance , and since the logarithm is monotonic, SEO is, respectively, lower and upper bounded by 4 (19a)
IV. NUMERICAL RESULTS
The SEP for coherent detection of binary PSK using MRC with diversity order is shown in Fig. 2 . These results show that our optimized bounds (12a) and (12b) are uniformly tight for all values of SNR (or, equivalently, for all values of SEP). To investigate the tightness of our bounds, the difference between upper and lower bound using (3) and (5) in Fig. 3 that corresponds to the case without antenna diversity; thus, we have quantified the improvement in terms of SEO due to MRC as a function of the diversity order. For example, for , for , whereas is about , , , and 0.42 for 8, 4, 2, and 1, respectively. Fig. 4 shows and versus , for 8-PSK with for and 1, 2, 4, 8, and 16. For a given , one can obtain the lower and upper bounds on the requirement on the parameter corresponding to the median value of the shadowing level. This is useful for the design of digital radio systems with diversity reception. As an example, the maximum distance of the radio link can be estimated when the path-loss low is known.
V. CONCLUSION
We presented upper and lower bounds on the inverse SEP for coherent detection of -ary PSK with multichannel reception and MRC in Rayleigh fading. They have been derived from new uniformly tight upper and lower bounds on the SEP, that are within fractions of a decibel of the exact values in a practical range of interest, even for a large number of receiving antennas (or Rake fingers). The new bounds on the inverse SEP enable the derivation of the SEO, i.e., SEP-based outage probability, in a shadowing environment. Numerical results show that our bounds give tight results on SEP as well as SEO. As an example of application to digital mobile radio, the SEO in log-normal shadowing environment is analyzed. These bounds are useful for the design of digital radio systems with diversity reception.
